Nanoclusters can form and grow by nanocluster-monomer (condensation) and nanoclusternanocluster (coagulation) collisions. During growth, product nanoclusters have elevated thermal energies due to potential and thermal energy exchange following a collision. Even though nanocluster collisional heating may be significant and strongly-size dependent, no prior theory describes such phenomenon. We derive a model to describe the excess thermal energy, the kinetic energy increase of the product cluster, and latent heat, the heat released to the background upon thermalization of the non-equilibrium cluster, of collisional growth. Both quantities are composed of an enthalpic term, related to potential energy minimum differences, and a size-dependent entropic term, which hinges upon heat capacity and energy partitioning. Example calculations using gold nanoclusters demonstrate that collisional heating can be important and strongly size dependent, particularly for reactive collisions involving nanoclusters composed of 14-20 atoms. Excessive latent heat release may have considerable implications in cluster formation and growth.
Introduction
The nucleation and growth of condensed phase, nanometer-scale clusters (nanoclusters) 1 from atomic or molecular precursors is critical in a diverse array of systems, including but not limited to vapor phase synthesis nanomaterial reactors, 2, 3, 4 combustion systems where soot is a byproduct, 5, 6, 7 and in the ambient atmosphere where new particle formation events occur. 8, 9, 10, 11, 12 Continued nanocluster growth invariably leads to nanoparticles, which are a desired product or undesired pollutant and whose properties are dictated by growth dynamics. Modeling the evolution of nanocluster populations is hence of central interest. Both nucleation, i.e., the condensational formation of stable nanoclusters from vapor phase precursors, and nanocluster growth, i.e., coagulation, are thermally driven binary collision phenomena; two reactants collide with one another yielding a single, typically coalesced, product nanocluster. It is such elementary collisional reactions that determine the evolution of a system of forming and growing nanoclusters. In modeling binary collision reactions, two common assumptions are invoked: (1) nanoclusters are in thermal equilibrium with their surroundings, and (2) nanoclusters are structureless entities with properties calculable from bulk properties. Though there are notable exceptions, 13, 14, 15, 16, 17, 18 these assumptions are utilized in classical nucleation theory 19, 20, 21 and modifications of it, 22, 23 and are almost universally invoked in population balance models of nanocluster and nanoparticle growth. 24, 25 Combined, such assumptions enable prediction of nanocluster population distribution dynamics based upon knowledge of collision rate coefficients and of the equilibrium coefficients for the elementary reactions considered. However, as nucleation and growth models often fail to reflect accurately experimental measurements (e.g., inferred nucleation rates deviate from measurement by a large amount 22, 26, 27, 28, 29 ), both of these assumptions merit further scrutiny. With regards to the former assumption, nanocluster condensation and coagulation elementary events are not isothermal (isokinetic) when considering the reactants in isolation. Instead, the internal energy distribution of product nanoclusters will deviate from the isothermal distribution (at the system temperature) because of thermal energy (heat) release during collisional growth and coalesence. 30 Nanocluster cooling via collisions 31, 32 with inert gas molecules must occur between condensation and coagulation events to bring nanoclusters to an equilibrium internal energy distribution at the system temperature. With regards to the latter assumption, a number of studies 33, 34, 35, 36, 37 reveal that nanoclusters composed of a particular number of monomers may be anomalously stable (magic number clusters with anomalously low potential energy minima) or anomalously unstable (anti-magic clusters with high potential energy minima), an effect which is not captured using structureless, bulk-like assumptions. Experiments and numerical studies of magic and anti-magic number clusters reveal that the latent heats of fusion, heat capacities and melting temperatures of nanoclusters can be strongly size dependent, 38, 39, 40, 41, 42, 43, 44 with the addition or removal of one atom drastically changing their properties. Nanocluster thermodynamics and structure are thus linked, and nanoscale structural effects would be expected to determine the extent of heating during collisional growth.
However, a framework to describe heating during condensation and coagulation has not yet been developed which explicitly accounts for size-dependent nanocluster properties. Without such a framework, it is difficult to quantify the importance of nanocluster collisional heating and the role size plays in the heating process, i.e., the validity of the simplifying assumptions commonly made in modeling formation and growth cannot be adequately verified. To this end, we develop a model capable of predicting both the excess thermal energy in collisional growth, which is defined as the mean thermal (kinetic) energy increase of a collisionally formed nanocluster over its mean thermal energy at the system temperature, and the latent heat of collisional growth, which is distinctly defined as the heat which must be transferred to the surroundings for thermal equilibration. The resulting model is general, in that it does not require assumptions on the structure or bulk properties of nanoclusters, and with minor modification it is applicable to any binary collisional growth process in the gas phase. In the following, we describe the model including how thermal to potential energy partitioning ultimately defines both the excess thermal energy and latent heat of collisional growth. We show that both quantities have not only an enthalpic contribution, which is positive, but also an entropic contribution, which can be positive or negative and is non-negligible. The appreciable size-dependent entropic contribution is distinct to nanoclusters; in bulk matter only the enthalpic term is significant and entropic term is small and size independent. Using the developed model, collisional heat release is explored using embedded atom method (EAM) 45 potential gold nanoclusters as a model system. Calculations suggest that the thermal non-equilibrium arising during non-equilibrium growth will be significant in condensed phase nanocluster formation from the vapor phase.
Results

Caloric curves & effective virial theorem.
To examine heating in collisional growth, we first remark that isolated nanoclusters in the gas phase are typically an order of magnitude or smaller in size than the mean free path of the surrounding gas (at atmospheric pressure). It is thus reasonable to assume that between gas molecule encounters, nanoclusters self-equilibrate, i.e., an isolated nanocluster can be considered to exist in a microcanonical ensemble of a total energy = + , where and are the internal kinetic (thermal) energy and potential energy of the nanocluster, respectively. This total energy is unique for each nanocluster, but the energy distribution of a population of nanoclusters interacting with a bath, i.e., immersed in an inert gas in equilibrium, is sampled from a canonical ensemble (see the derivation of Eq. (5b)). Potential and thermal energy partitioning is typically described by a caloric curve, 46, 47, 48 which is the functional relationship between the thermal energy and the total energy. In prior work, caloric curves revealed a number of unique, size-dependent features of nanoclusters, including anomalous melting temperatures and latent heats of fusion. 43, 44, 46 Here, we define a modified caloric curve (henceforth referred to as caloric curve), containing equivalent information, as the functional dependence of the mean potential energy on the mean thermal energy:
(1) The brackets in Eq. (1) denote time-averaged mean quantities, the subscript denotes number of identical atoms in a nanocluster, and is a function to be determined. We note that the proposed link between & and & is reminiscent of the virial theorem 49 that relates linearly the timeaveraged total kinetic energy to the (time-averaged) total potential energy for closed systems of particles interacting pair-wise via a homogeneous potential. While caloric curves can be probed experimentally, it is rather straightforward to examine them using molecular dynamics simulations. Simulations also enable comparison of microcanonical (NVE) and canonical (NVT) caloric curves, which converge to one another for sufficiently large systems. Time-averaged potential and thermal energies per atom in the microcanonical and canonical ensembles are calculated (via trajectory simulations) and plotted in Fig. 1 for EAM potential gold nanoclusters composed of 13, 55, 79, and 201 atoms, respectively. Details of the calculations, performed using LAMMPS 51 (Large-scale Atomic/Molecular Massively Parallel Simulator), are provided in Methods. The caloric curves have two nearly linear regions separated by a size-dependent, extended phase-transition region. The phase transition is better identified by plotting 8 9 : 8 ; :
(also plotted in Fig. 1 ), a quantity linearly-dependent on the specific heat, which is nearly constant outside the phase change region, and peaks at the point of phase change. We denote the lower energy, constant-slope region of the caloric curve as the "solid-like" phase, and correspondingly the higher energy region as the "liquid-like" phase. Figure S1 (Supplemental Information), displays, and compares to literature results, 52 the inferred melting point of gold nanoclusters as a function of cluster size. We find good agreement in the predicted melting temperature (melting thermal energy) with prior studies. In the regions outside the phase transition region, both microcanonical and canonical curves are well described by the linear relationships
(2) Such linear relationships (along with size-dependent nanocluster melting) have been observed experimentally and numerically in previous works. 46, 53 For the liquid-like region of gold nanoclusters with i = 8 -1200, we plot the caloric-curve slope & and the normalized potential energy & / , the minimum potential energy per atom for the phase in question (i.e., the dissociation energy 54 ) in Fig. 2 for both NVE and NVT ensembles. Results are additionally tabulated in Table  S1 of the Supplemental Information. As nanocluster size increases, both parameters converge to near constant (bulk) values, > → @ and A : &B> → @ < 0 (the denominator − 1 instead of will be justified in the discussion of Eq. (6b)). Only small differences are observed between NVE and NVT calculations, which are known to converge to identical caloric curves for sufficiently large clusters. 53, 55 Interestingly, in the i = 14 -20 region, both ensembles reveal anomalously large values for the caloric curve slope, and correspondingly low values for the minimum potential energy. The maximum NVE slope is >G H = 2.32 . Such nanoclusters, which can be regarded as "magic number" clusters, display unique energy partitioning behavior compared to bulk matter expectations; not only do they have anomalously low minimum energies, but also the increase in mean potential energy per unit increase in thermal energy is anomalously high (compare top left panel to the other panels in Fig. 1 ). Excess thermal (kinetic) energy of collisional growth. Changes in caloric-curve slopes and potential energy minima for nanoclusters of different sizes have a direct influence on heat release during nanocluster growth. We study this influence by considering the kinematics of a gas-phase binary reactive collision between two nanoclusters composed of i and j atoms (or a nanocluster and an atom) that approach each other at impact conditions specified by the collision impact parameter b. Conservation of energy during collision yields (1) is applicable to the reactant nanoclusters (which are sampled from a NVT ensemble) and the product nanocluster (which is coagulationally formed in a NVE ensemble as a nonequilibrium activated cluster). Hence, after collision the newly formed product internally selfequilibrates prior to interacting with inert gas molecules. If we substitute Eq. (1) into Eq. (3), neglect reactant nanocluster initial rotation (which is small with respect to the internal degrees of freedom), and use the previously defined quantities, we obtain 
In deriving Eq. (4b), we used the cluster moment of inertia in the rigid rotor approximation, &PJ = 2( & + J ) &PJ K with &PJ the product nanocluster radius, along with the expression for the cluster angular velocity, and &J = > /( + ) since the mass of a cluster composed of identical atoms of mass > is &PJ = ( + ) > . Equation (4b) shows that the mean thermal energy of the newly formed nanocluster, prior to any inert gas molecule interaction, depends upon: (1) the reacting species mean thermal energies, (2) the difference in potential energy minima between the product and reactants, (3) the slope of the reactant and product caloric curves, which is related to their specific heat, and (4) the translational and rotational energies of the product cluster.
We examine the accuracy of Eq. (4b), specifically the validity of the (approximate) product rotational energy term, using molecular dynamics trajectory calculations 56 of collisional reactions of nanoclusters of i = 20 and j = 34, with given initial impact parameters and translational velocities. Details are provided in Methods; for simplicity the reactant rotational energies were set to zero. We elected to use unphysically large collision velocities in excess of 10 2 m s -1 ; the mean thermal speed of an Au 20 nanocluster would not exceed 120 m s -1 until the gas temperature approaches 3000 K, approaching the boiling point of gold. Such large translational velocities were intentionally selected to examine the extent to which the expression for the product rotational energy term is valid, as the translational energy conversion to other degrees of freedom is large in the tested instances. As we show subsequently, in more realistic circumstances, it is small in comparison to the potential and thermal energy terms. The MD simulated thermal energy, calculated as the sum of mean kinetic energies of all atoms in the product nanocluster minus the last term of Eq. (4b), i.e., minus the center of mass translational kinetic energy and rotational energy (equivalently, without the two last terms in Eq. (3)), versus Eq. (4b) predictions is shown in Fig. 3 . At small impact parameters and low velocities, mean thermal energies from molecular dynamics collision simulations and from Eq. (4b) are in good agreement. Deviations manifest themselves for large impact parameters and higher velocities, suggesting that in these circumstances the product nanocluster rotational energy is larger in MD simulations than that based on Eq. (4b). We attribute this to use of the rigid body approximation for the product rotational energy. However, instances where disagreement is observed occur for extremely rare high velocity collisions. Overall we find good support for the use Eq. (4b) to calculate the product nanocluster mean thermal energy. . Deviations manifest for large impact parameters and higher velocities, suggesting that the product nanocluster rotational energy is larger in molecular dynamics simulations than that based on the model prediction. This is attributed to the use of the rigid body approximation for the product rotational energy.
Further demonstrating the non-equilibrium nature of the product nanoclusters we contrast in Fig. S2 (Supplemental Information) the total thermal energy distribution of a product nonequilibrium nanocluster (in a NVE ensemble) to the thermal energy distribution of an equilibrated nanocluster with the same mean thermal energy, but sampled in a NVT ensemble. Differences in the distribution widths, and hence fluctuation-based (variance defined) specific heats, are apparent. While noteworthy, we show subsequently that only the mean thermal energy is required to assess the extent of nanocluster collisional heating.
We define the excess thermal energy of a product cluster ∆ &J = gPh H − &PJ / , where gPh H is the mean product nanocluster thermal energy, averaged both in time and over all collision possibilities and evaluated by a NVE simulation, and &PJ / is the time-averaged thermal energy of the product nanocluster after equilibration with the background gas at temperature T (the superscript T denotes equilibrium parameters in a NVT ensemble). at system temperatures of 800 K, 1200 K, and 1600K. Linear interpolation is used to calculate the slopes and energy minima which were not explicitly calculated using molecular dynamics simulations. First apparent in Fig. 4 is the magnitude of the excess thermal energy. Nanocluster collisions lead to heating and effective temperature increases of several hundred Kelvin, which is not insignificant in comparison to system temperatures and of relevance because of the strong temperature dependence of dissociation rates. Second, the maximum excess energy is typically found for collisions between equal-sized nanoclusters and the minimum excess energy arises in atom-nanocluster condensation events. In population balance modeling, heat release due to condensation or reaction has been considered previously, but heat release due to coagulation has not; our results show that the excess thermal energy of coagulation is even larger than that of condensation. Third, at lower temperatures, collisions involving low potential energy minimum nanocluster reactants (e.g., Au 16 and the i = 14 -20 nanoclusters in general) lead to anomalously low excess thermal energies (in comparison to reactions without such nanoclusters). As the system temperature increases, reactive collisions involving these stable reactant nanoclusters have an entropically driven increase in the excess thermal energy of collisional growth, as they have elevated & / values. The opposite is true for reactive collisions where these nanoclusters are products; at lower system temperatures, the excess thermal energies of these reactions are elevated, and as temperature increases, entropic effects reduce their excess thermal energies. The net result of these phenomena is the removal of the "peaks" and "valleys" in plots of the excess thermal energy versus cluster size as system temperature increases. Latent heat of collisional growth. Though related, the latent heat of collisional growth (L) is distinct from the excess thermal energy; latent heat is the total energy transferred to the background to equilibrate the product nanocluster at the system temperature. To calculate it from ∆ &J , it is necessary to account for the potential energy to thermal energy conversion occurring within a nanocluster as it is cooled by the background gas. Specifically, the latent heat, defined as the difference between the total energy of the non-equilibrated product cluster and its corresponding thermalized energy, is (7c) Equation (7c) demonstrates that the latent heat of collision can be determined from the dissociation energies & and specific heats of reactant and product nanoclusters which can be both measured and calculated. 54 Fig . 5 shows the latent heat normalized by c K 6 . Results parallel the excess thermal energy curves in terms of the influence of nanocluster size for fixed product nanocluster size; anomalously stable clusters lead to local maxima and minima in curves, and otherwise the latent heat is maximized for equal-sized nanocluster collisions. Normalization by c K 6 highlights the fact that collisional growth reactions involving larger nanoclusters require a larger amount of heat to be transferred to the background gas (although the effective temperatures of such product clusters are lower, cf. Fig. 4, top panels) .
Collectively, Eqs. (7a) and (7b) enable prediction of the thermal energy increase for collisionally formed clusters without the need to directly simulate collision dynamics. Instead, computationally less expensive simulations of nanocluster properties in NVE and NVT ensembles can be used to infer thermal energy changes. We therefore believe this set of equations will find utility in developing improved models of nanocluster growth, particularly in high growth rate environments where monomer and nanocluster concentrations are non-negligible in comparison to inert gas molecule concentrations, as well as in closed systems where the latent heat released via collisions leads to increases in system temperature. Future studies will be required to estimate the extent to which thermal non-equilibrium influences nanocluster growth (e.g., by driving dissociation). Collisional heat release may also contribute to the crystallization of gas-phase synthesized materials at system temperatures well below crystallization requirements, which has been observed in previous studies. As a further matter, these equations additionally afford the opportunity to test the validity of classical nucleation and growth theories. A particularly interesting limit of Eq. (7b) is homogeneous condensation (atom-nanocluster collision), for which > / = 0, yielding:
where @ is the bulk latent heat of vaporization. Wyslouzil & Seinfeld 17 note that according to the capillarity model of nanocluster formation and growth the energy released by a condensing molecule is the bulk latent heat per molecule @ minus the energy required to create the new interface (neglecting a minor 6 /2 term)
where > is the surface area of a monomer calculated from the Van Der Waals radii of gold atom (166 pm), and @ is the surface tension of bulk gold, which is weakly temperature dependent and is taken as 1.1 N m -1 . 58 The higher order terms in Eq. (8b) arise from size-dependent corrections of the bulk surface tension, from, e.g., the Tolman length correction. . Equation (8b) reveals that the classical, structureless cluster model contains no configurational (size dependent) entropic influences. Experimental latent heat of condensation data have been similarly fit to a curve, the size-dependent term monotonically decreasing with cluster size as B>/d , also omitting configurational entropic effects. 30 In Fig. 6 we compare Eq. (8b) predictions to Eq. (8a) at temperatures of 800 K and 1600 K (neglecting the higher order terms). Insets on a linear scale show that the caloric-curve slopes and energy minima inferred here approximately recover the bulk limit for the latent heat of vaporization through the good agreement with the classical theory. Admittedly, the approach to the bulk limit is slower than the prediction of the surface tension model, Eq. (8b). At the same time, calculations show the influence of temperature for nanoclusters with anomalous energy minima. In particular for < 25, unique energy partitioning has large effects on the latent heat of condensation; changes in product cluster size by just several atoms change the latent heat by 16% at low temperature. Such strongly size-dependent, non-monotonic variations suggest that the classical model poorly describes collisional heat release for the smallest nanoclusters. 
Discussion
To summarize, we have developed an approach to calculate the excess thermal energy and latent heat for nanocluster collisional growth reactions. We used it with gold nanoclusters as a case study to show that collisional heating during gas phase growth is significant, with both enthalpic and entropic effects playing a role for nanocluster reactions. Entropic effects are particularly relevant for magic number and anti-magic number clusters, whose anomalous stability gives rise to unique potential-thermal energy partitioning. Implementation of the developed model only requires evaluation of caloric curves in NVE and NVT simulations. Modifications of the presented equations are necessary to account for phase change, as phase transitions lead to non-linear caloric curves.
The interplay between energy partitioning in NVE and NVT ensembles, which determines the excess thermal energy of a collisionally formed nanocluster, is a unique feature of dispersed gas phase systems, as it is these systems where nanoclusters are uniquely afforded time to selfequilibrate before communicating with a thermal bath. A noted previously, 32 the establishment of non-equilibrium conditions and the relaxation of nanoclusters to equilibrium states would be pressure dependent, with formation and growth rates decreasing with decreasing pressure. This prediction is consistent with some, 59 but not all 60 experimental observations of nanocluster formation and growth. To fully understand and quantify the importance of this phenomenon, subsequent reactions of the product nanoclusters need to be studied, including cooling via bath gas collisions and radiation, the dissociation rate at an elevated non-equilibrium energy distribution, and further reactions nanoclusters may undergo in a variety of environments. In principle, just as the changes in potential and thermal energy partitioning with nanocluster size influence collisional heating, they will affect inert gas heat transfer rates and dissociation rates. Along these lines, the present study serves to define the properties of collisionally formed, non-equilibrium nanoclusters whose lifetimes and reactivities remain to be examined, and we suspect the net result will be a complex, material and size dependent network of reactions which must be monitored to comprehensively describe nanocluster formation and growth.
Methods
Modified caloric curve calculations. All simulations are performed using LAMMPS (Largescale Atomic/Molecular Massively Parallel Simulator) 51 . We first prepare the gold nanoclusters by extracting a spherical region with prescribed radii of a face centered cubic gold crystal (with lattice constants α = β = γ = 4.078 Å). Varying the radii of the spherical region results in clusters composed of a different number of gold atoms. The resultant nanoclusters are then equilibrated in a NVT ensemble controlled by a Nosé-Hoover thermostat with the bath temperature uniformly selected in the 200 K to 1400 K range. After complete equilibration, time-averaged thermal and potential energies are calculated to obtain the caloric curve in the NVT ensemble. The averages are taken after thermalization and a given number (40000) of points are averaged. To calculate the caloric curve in the NVE ensemble, we first equilibrate the nanocluster at a selected bath temperature (still uniformly selected in the 200 K to 1400 K range). Upon complete equilibration (100000 time steps), we extract positions and velocities of all atoms at a specific time and transfer them to a NVE ensemble to calculate time-averaged thermal (kinetic) and potential energy. In all simulations, positions and velocities of all atoms are integrated via the velocity Verlet algorithm with a time step of 1 fs. The interatomic non-local potential is based on the many body embeddedatom method (EAM) 45, 61 with the parametrization of Foiles et al. 62 In the EAM potential, the total energy tot is:
where F i is the embedding term, ρ h,i the local electron density, and ij φ (R ij ) is the pair-wise interaction potential with R ij the distance between atoms i and j.
Molecular dynamics trajectory calculations. Following a molecular dynamics trajectory calculation similar to that proposed elsewhere 56 , we perform coagulation simulations to validate the predictions of Eq. (4b). Specifically, we are interested in the validity of the approximate rotational energy term in Eq. (4b). We first equilibrate the two reactant nanoclusters in a NVT ensemble at a selected bath temperature higher than the nanocluster melting temperature to obtain "liquid-like" clusters. After equilibration, the two reactant nanoclusters are placed in a 100×100×100 Å simulation domain with periodic boundary conditions. We place the center of mass of nanocluster i at the domain center (0, 0, 0), and the center of mass of nanocluster j far from the domain center (50, 0, 0) Å to minimize initial interactions. Both nanoclusters have zero rotation with respect to their center of mass initially. To force a coagulation event, a translational velocity with respect to the center of mass pointing towards the negative x axis is imposed on nanocluster j. The coagulation simulations are performed in a NVE ensemble, and the reactant and product time-averaged thermal (kinetic) energies are recorded (as previously described). Results obtained for different impact parameters and initial center-of-mass translational velocity of nanocluster j are shown in Fig. 3 , where they are compared with the prediction of equation (4b). Fig. 2 are provided in Table S1 of the Supplementary information. All other relevant data are available from the corresponding author upon reasonable request. Nanocluster melting temperature. Dependence of gold nanoclusters melting temperature on size are shown (current calculation compared with prior studies 52, 63 ). The bulk gold melting temperature is taken as 1090 K, calculated by Lewis et al. 52 using the gold EAM potential. 
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